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^ ■ SI. Introduction 

'"^ I Consider a general codimension-8 linear subspace of the P^'' parametrizing plane 

r^ ■ quartic curves. There is a generically finite dominant rational map from this P^ 

^ I to the moduli space of curves of genus 3; what is the degree of this map? 

' ■ To approach this kind of questions, we embark in this paper on the study of the 

CN I natural action of PGL(3), the group of automorphisms of P^, on the projective 

space P^ parametrizing plane curves of degree d (thus N = d{d + 3)/2). We are 

►^ I concerned here with the orbits of (points corresponding to) smooth plane curves 

^-i • C of degree d > 3. These orbits Oc are 8-dimensional quasi-projective (in fact, 

<^^ \ afhne) varieties. Their closures Oc (in P^) are 8-dimensional projective varieties, 

^^ ■ and one easily understands that the answer to the above question is nothing 

bS \ but the degree of Oc for the general plane quartic curve C. In §2 we explicitly 

p^ ■ construct a resolution of these varieties, which we use in §3 to compute their degree 

Q>^ \ (for every smooth plane curve C of degree d > 3) . In fact the construction gives 

"^ ■ more naturally the so-called predegree of the orbit closure Oc'- that is, the degree 

M \ of Oc multiplied by the order of the PGL(3)-stabilizer of C. It turns out that, for 

O . a smooth curve C of degree d, the predegree depends only on d and the nature of 

the flexes of C . As is illustrated in §3.6, this has nice consequences related to the 

automorphism groups of smooth plane curves. 

^*J| We now describe the contents of this paper more precisely. Associated with 

C^ ■ each plane curve C is a natural map PGL(3) -^ P^ with image Oc\ we view 

^ \ this as a rational map (fic from the P^ of 3 x 3 matrices to P^. In §2 our object 

is to resolve this map by a sequence of blow-ups over P^, in fact constructing a 

non-singular compactification of PGL(3) that dominates Oc- For a smooth C, 

j^ ■ the base locus of ^c is a subvariety of P^ isomorphic to P^ x C, thus smooth; 

after blowing up this support, we find that the support of the base locus of the 

induced rational map from the blow-up to P^ is again smooth: and we choose it 

as the center of a second blow-up. Just continuing this process (which requires 

a fair amount of bookkeeping) gives a good resolution of the map. Wc find that 

the number of blow-ups needed equals the maximum order of contact of C with a 

line: so, for example, three blow-ups suffice for the general curve. 

Having resolved the map (pc, we compute in §3 the predegree of the closure of 
the orbit of C as the 8-fold self-intersection of the pull-back of the class of a 'point- 
condition', i.e., a hyperplane in P^ parametrizing the curves passing through a 
given point of P^. The main tool is an intersection formula for blow-ups from 
[Aluffil]; to apply this formula, we extract from the geometry of the blow-ups 
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detailed in §2 the relevant intersection-theoretic information, and particularly the 
normal bundles and intersection rings of the centers of the various blow-ups. This 
leads to explicit formulas for the predegree of Oc in terms of the degree of C and 
of four numbers encoding the number and type of the flexes of C . For example, 
the answer to the question posed in the beginning (that is, the degree for a general 
quartic) is 14,280 (d = 4 in the Corollary in §3.5). 

Besides the applications to automorphism groups of plane curves already al- 
luded to, and more examples given in §3.6 (e.g., we compute the degree of the 
trisecant variety to the d-uple embedding of P^ in P^), the computation of the 
degree of Oc also has some enumerative significance: it gives the number of trans- 
lates of C that pass through 8 points in general position. On a more global level, 
the degree of the orbit closure of a general plane curve of degree d equals the 
degree of the natural map from a general codimension-8 linear subspace of P^ to 
the moduli space of smooth plane curves of degree d. A study of the boundaries 
of orbits and of l-dimensional families of orbits reveals where this map is proper: 
these matters will be treated in a sequel to this paper. Also, we hope to be able 
to unify some scattered results we have concerning orbits of singular curves; and 
we plan to study the singular locus of orbit closures. 

Excellent practice to become familiar with the techniques of the paper is to 
apply them to the easier case of the action of the group PGL(2) on the spaces P'' 
parametrizing d-tuples of points on a line. Only one blow-up of the P'^ of 2 x 2 
matrices is needed in this case, and one finds the following: if the d-tuple consists 
of points pi, . . . ,ps, with multiplicities m^ (so that X]i=i "^j = i^); and one puts 
m^^^ = S"^?' ^^^ — S*^?' then the predegree of its orbit-closure equals 

d^ -3dm(2) +2m(^\ 

so it depends only on d and on m^'^', m^^' (one should compare this result with 
the degree of the orbit-closure of a smooth plane curve as computed in Theorem 
111(B)). Details of this computation, together with a discussion of the boundary 
and of l-dimensional families of orbits, and multiplicity results, can be found 
in [Aluffi-Faber] . We should point out that in this case the degree can also be 
computed by using simple combinatorics. 

Finally, to attract the attention of people working in representation theory, we 
remark that we deal here with the orbits of general vectors in one of the standard 
representations of one of the classical algebraic groups. Can these questions be 
approached in a more general context? From this point of view, a whole lot of 
work remains to be done. 

Acknowledgements. We thank the University of Chicago, Oklahoma State 
University, the Universitat Erlangen-Niirnberg and the Max-Planck-Institut fiir 
Mathematik for hospitality at various stages of this work. Discussions with many 
of our colleagues at these and other institutions were helpful. We also acknowledge 
partial support by the N.S.F. Finally, we are grateful to F. Schubert for writing 
his wonderful Fantasia in F minor for piano duet. 

§2. A BLOW-UP CONSTRUCTION 

In this section we construct a smooth projective variety surjecting onto the 
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orbit closure Oc of a smooth plane curve C G P^ = P 2 ^ where d > 3. As we 
will see, the construction depends essentially on the number and type of Qexes of 
C. 

Fix coordinates (xq : xi : X2) of P^, and assume the degree-d curve C has 
equation 

F{xn,Xi,X2) =^0 ■ 

Consider the projective space P* = PHom(C^, C^) of (homogeneous) 3x3 matrices 
a = {aij)ij=o,i,2- So P* is a compactification of PGL(3) = {a G P^ : deta 7^ 0}. 
To ease notations, in this section we will refer to a point in P* and to any 3x3 
matrix representing it by the same term; in the same vein, for a G P^ we will call 
'ker a' the linear subspace of P^ on which the map determined by a is not defined, 
'im a' will be the image of this map, and the rank 'rk a' of a will be 1 + dim(im a). 
So: 

aGPGL(3) ^=^ kerQ; = ^=^ imQ; = p2 ^=^ rka = 3. 

The curve C determines a rational map 

c:P^ __^pW 

as follows: for a E ¥^, let c{a) be the curve defined by the degree-d polynomial 
equation F{a{xo,xi,X2)) = 0. So c(a) is defined as long as F{a(xo,xi,X2)) 
doesn't vanish identically; i.e., precisely if ima <^ C. 

If a G PGL(3), then c(a) is the translate of C by a\ therefore, c(PGL(3)) is 
just the orbit Oc of C in P^ for the natural action of PGL(3). 

As an alternative description for the map c, consider for any point p G P^ the 
equation 

F(a(p)) = . 

As an equation 'in p\ this defines the translate c{oi); as an equation 'in a.' this 
defines the hypersurface of P^ consisting of all a that map p to a point of C. We 
will call these hypersurfaces, that will play an important role in our discussion, 
'point-conditions'. The rational map defined above is clearly the map defined by 
the linear system generated by the point-conditions on P^. 

Our task here is to resolve the indeterminacies of the map c : P^ ---> P^, by a 
sequence of blow-ups at smooth centers: we will get a smooth projective variety 
V filling a commutative diagram 



PGL(3) C V 



i 



PGL(3) c 



nN 



nN 



The image of V in P^ by c will then be the orbit closure Oc- In §3 we will use 
c to pull-back questions about Oc to V\ the explicit description of V obtained in 
this section will enable us to answer these questions. 

The plan is to blow-up the support of the base locus of c; we will get a variety 
Vi and a rational map ci : V\ ---> P''^. We will then blow-up the support of the 
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base locus of ci, getting a variety V2 and a rational map C2 : V2 --■>■ P^; in the case 
we are considering here (i.e., the curve C is smooth to start with), repeating this 
process yields eventually a variety V as above. The support of the first base locus 
is in fact a copy of P^ x C in P^ (see §2.1); if (fc, q) eF^x C, and q denotes the map 
obtained at the i-th stage, we will find that Ci still has indeterminacies over (k, q) 
if and only ii the tangent line to C at q intersects C at q with multiplicity > i. So, 
for example, if C has only simple flexes then the map C3 is regular (Proposition 
2.9); and in general the number of blow-ups needed equals the highest possible 
multiplicity of intersection of a line with C. 

We should point out that (even for smooth C) this is not the only way to 
construct a variety V as above: in fact, a different sequence of blow-ups is the one 
that seems to generalize naturally to approach the same problem for singular C. 

§2.1. The first blow-up. The set of rank-1 matrices in P* is the image of the 
Scgrc embedding 

P^ X P^ ^ P® 

given in coordinates by 

(kaqo hqo k2qo ' 
koqi hqi k2qi 
fco<Z2 kiq2 fc2(72, 

where fcoxo + fcixi + k2X2 = is the kernel of the matrix, and (go '■ qi '■ 92) is its 
image. Intrinsically, this is just the map induced from the map 

C^ © C^ ^ C^ ® C^ = Hom(C^ C'^) 
{f,u) ^ f (»u 

We have already observed that the map c : P^ ---> P-'^ is not defined at a G P^ 
precisely when im a C C; if C is smooth (therefore irreducible) , this means that 
the image of a is a point of C. Therefore: 

the support of the base locus of c is the image of P^ x C in P^ via the Segre 
embedding identifying P^ x P^ with the set of rank-1 matrices. 

In particular, the support of the base locus of c is smooth, since C is. We let 
then B = P2 X C, and we let Vi -^ P^ be the blow-up of P^ along B. Since 
i3nPGL(3) — 0, Vi contains a dense open set which we can identify with PGL(3). 
Also, the linear system generated by the proper transforms in Vi of the point- 
conditions (which we will call 'point-conditions in T^i'), defines a rational map 
ci : Vi ---* P^ making the diagram 



PGL(3) C Vi 
PGL(3) c P* 



^=1 ^ mN 



dN 
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commutative. The exceptional divisor Ei in Vi is the projectivizcd normal bundle 
of B in P^: Ei = P(7V_bP^). We will show now that the base locus of cx is 
supported on a P^ -subbundlc of Ei over B. 

Let {k,q) be a point of i? = P^ x C: i.e., a rank-1 a G P^ with kera = k, 
ima = q G C. Also, let £ be the line tangent to C at g, let p be a point of P^, and 
denote by P the point-condition in P® corresponding to p. 

Lemma 2.1. (i) The tangent space to B at (k, q) consists of all (^ G P® such that 
imip C i and (p{k) C q. 

(ii) P is non-singular at {k,q), and the tangent space to P at {k,q) consists of 
all (p G P^ such that Lp{p) C t. 

We are using our notations rather freely here. For example, in (i) a = (fc, q) is 
in the tangent space since a{k) — (as a is not defined along k). 

Proof, (i) The tangent space to B at {k,q) is spanned by the plane {(fc',g) G 
B : fc' G F} = {^ G P*^ : im(^ = q} and by the line {{k,q') e B : q' e £} ^ 
{(fi £ P^ : kcTifi = kjimifi G £}. Both these subspaces of P^ are contained in 
{(^ G P* : imif C £,f{k) C q}; since this latter has clearly dimension 3, we are 
done. 

(ii) For a = {k, q) and i^ G P* consider the line a + (pt. Restricting the equation 
for P to this line gives the polynomial equation in t 



F{{a + ^t){p))^0 , i.« 



\dxi/ ^(p) 



■••==0 



(where (pi{p) denotes the i-th coordinate of ^{p))- 

F{a{p)) = since ima = q G C; the line is tangent to P at a when the linear 
term also vanishes, i.e. if ^^{dF/dxi)q(pi{p) = 0. This says precisely (p{p) C i, as 
claimed. 

P is non-singular at a because any (p not satisfying the condition (p{p) C i gives 
a line a+ipt intersecting P with multiplicity 1 at a, by the above computation. D 

With the same notations, the tangent space to P^ x P^ at a consists of all ip with 
(pQiCT a) C ima (intrinsically, all transformations (p inducing a map coima — > 
coker a) . 

The set of all ip such that iimp d i forms (for any a) a 5-dimensional space 
containing the tangent space to B at a, and therefore determines a 2-dimensional 
subspace of the fiber of A^^P^ over a. As a moves in B we get a rank-2 subbundle 
of A^bP*, and hence a P^-subbundle of Ei = P(A^bP*), which we denote Bi. 
Notice that Bi is non-singular, as a P^-bundle over the non-singular B. 

Proposition 2.2. The base locus of the map ci : Vi ---> P^ is supported on Bi. 

Proof. Since ci is defined by the linear system generated by all point-conditions 
in Vi , we simply need to show that the intersection of all point-conditions in Vi is 
set-theoretically Bi. This assertion can be checked fiberwise over a = {k, q) G B] 
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SO all we need to observe is that the intersection of the tangent spaces to all point- 
conditions at a consists (by Lemma 2.1 (ii)) of the (^ e P* such that (p{p) C £ for 
all p; i.e., the 5-dimensional space used above to define Bi. D 

If P^^ denotes the point-condition in Vi corresponding to p G P^, we have just 
shown Plneps ^i i^ supported on Bi. The proof says a little more: 

Remark 2.3. Hpepa -Pi r\ Ei — Bi (scheme-theoretically) . 

Indeed on each fiber of Ei (say over a E B) the fiber of _Bi, a linear subspace, 
is cut out by the fibers of the P^ n Ei, linear subspaces themselves; and the 
situation clearly globalizes as a moves in B. 

§2.2. The second blow-up. Let V2 —^ V\ be the blow-up of Vi along B\. 
The new exceptional divisor is E^ = P(A'^Bj¥l); call 'point-conditions in V2' the 
proper transforms of the point-conditions of Vx . The linear system generated by 
the point-conditions defines a rational map C2 : V2 ---> P^; again, we obtain a 
diagram 

PGL(3) C V2 - -'- 



jAf 



■1 



PGL(3) c 



jAf 



and we proceed to determine the support of the base locus of C2. 
Let E\ be the proper transform of E\ in V2 • Then 

Lemma 2.4. The base locus of C2 is disjoint from Ei. 

Proof. This is basically a reformulation of Remark 2.3: Ei is the blow-up of Ei 
along Bi , and Bi is cut out scheme-theoretically by the intersections of Ei with 
the point-conditions of Vi . So the intersection of the point-conditions in V2 must 
be empty along _Ei, which is the claim. D 

Lemma 2.4 reduces the determination of the support of the base locus of C2 to 
a computation in P*. Denote by B the scheme-theoretic intersection of the point- 
conditions in P^, so the support of ,B is B. For a S S, let tha{B) be the maximum 
length of the intersection with B of the germ of a smooth curve centered at a and 
transversal to B (the 'thickness' of B at a, in the terminology of [Aluffi2]). 

Lemma 2.5. The base locus of 02 is disjoint from, {tt2 o7ri)~^Q; if tha{B) < 2. 

Proof. The base locus of C2 is the intersection of all point-conditions in V2, i.e. the 
set of all directions normal to Bi and tangent to all point-conditions in Vi. Let 
then 7(i) be a smooth curve germ centered at a point of Bi above a, transversal 
to _Bi, and tangent to all point-conditions in Vi. By Lemma 2.4, 7 is transversal 
to Ei; therefore 7ri(7(i)) is a smooth curve germ centered at a and transversal 
to B. Since j{t) intersects all point-conditions in Vi with multiplicity 2 or more, 
7ri(7(i)) must intersect all point-conditions in P* with multiplicity 3 or more; B 
is the intersection of all point-conditions in P^, so this forces tha{B) > 3. D 

Now the key computation is 
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Lemma 2.6. If a — {k,q) G B, and £ is the line tangent to C at q, then tha{B) 
equals the intersection multiplicity of £ and C at q. 

Proof. Let m be the intersection multiplicity of£ and C at q. To show tha{B) > m, 
we just have to produce a curve normal to B and intersecting all point-conditions 
with multiplicity at least m at a; such is the line a + ift, with tp E P^ such that 
iirnp = £ and 'p{k) ^ q. Indeed, the last condition guarantees normality (Lemma 
2.1 (i)); and, for general p, q = a{p) and (p{p) span £: so F{{a + ipt){p)) is just 
the restriction of i^ to a parametrization of £^ and it must vanish exactly m times 
at i = 0. Notice that these directions are precisely those defining Bi. 

To show tha{B) < m, let j(t) be any smooth curve germ normal to B and 
centered at a; we have to show that 7 intersects some point-condition with mul- 
tiplicity < m at a. In an affine open of P* containing a, write 

j{t) ~ a + ipt + . . . 

The equation for the point-condition corresponding to p restricts on 7 to 

Fi{a + ^t + ...){p))^Fiaip))+J2[jr-) ^,(p)i + --- = , 



dxi 



a(p) 



where ipi{p) denotes the i-th coordinate of <f{p). The coefficient of i™ in this 
expansion is 



(*) i E { ,S.L. ) ,y^M--^..{v) 



-t- terms involving derivatives of lower order, 

and to conclude the proof we have to show that for some p this term doesn't 
vanish. 

To see this, observe that since £ and C intersect with multiplicity exactly m at 
q, then the form 

V ( ^"^ ^ X- ...X- 
Z^ \ar ■■■Br I ^' "• 

doesn't vanish identically on £] since (p(kera) {Z^ g (7 is normal to -B), this implies 
that the summand 



- y 



Qrnp 



vanishes exactly d ^ m times along the line k — ker a (as a function of p) . But 
since all the other summands in (*) involve derivatives of order < m, they vanish 
with order > d — m along k. Therefore the order of vanishing of (*) along k must 
be exactly d — m, and in particular (*) can't be identically 0, as we claimed. D 

We adopt the following convention: 
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Deflnition. A point q of C is a 'flex of order r ' if the line tangent to C at q 
intersects C at q with multiplicity r + 2. We will say that q is a flex' of C if 
r > 1 , and that q is a 'simple flex ' if r ~ 1. 

Now we observe that there is a section s : Bi — > E2'. for ai G i?i, let a = 
7ri(Q!i) e B, say a — {k,q), and let i be the hnc tangent to C at q. By the 
construction of i?i, there is a matrix (p G P* with inicp C ^ such that ai is the 
intersection of i<^i and the proper transform of the hue a + Lpt in Vi] now let s{ai) 
be the intersection of E2 and the proper transform of the line a + ipt in V2 (it is 
clear that s(ai) does not depend on the specific ip chosen to represent ai). 

Let B2 be the image via s of the set {ai € Bi : q is a. flex of C}. Thus B2 
consists of a number of smooth three-dimensional components, one for each flex 
of C: each component maps isomorphically to a P^-bundle over one of the planes 
{{k, q) e B : q is a flex of C}. 

Proposition 2.7. The base locus of the map C2 '■ V2 --->■ P^ is supported on B2- 

Proof. Let ai G i?i, and a = (fe, q) the image of ai in B, as above. Consider the 
intersection of the base locus of C2 with the fiber 7r^^(ai) = P'^. By Lemma 2.5 
and 2.6 this is empty if q is not a flex of C; even if q is a flex of C , the intersection 
is a linear subspace of P^ missing a P^ (by Lemma 2.4), thus it consists of at most 
one point. Thus all we have to show is that s{ai) is in the base locus of C2 if q 
is a flex of C (of order r > 1). But, as observed in the proof of Lemma 2.6, the 
line a + ipt determining ai intersects each point-condition in P® with multiplicity 
at least r + 2 > 3; therefore the proper transform oi a + ipt is tangent to all 
point-conditions in Vi, and it follows that s{ai) G all point-conditions in V2, as 
needed. D 



§2.3. The third blow-up. Let V3 — ^ V2 be the blow-up of V2 along B2. 
The new exceptional divisor is E3; the 'point-conditions of V3' arc the proper 
transforms of the point-conditions of V2. The linear system generated by the 
point-conditions defines a rational map C3 : V3 ---> P^, making the diagram 



L(3) C V3- 


-'-^ -> P 


N 


7TsOTT207Ti 






L(3) C P* - 


- - -> P 


N 



commute. We will show now that C3 is a regular map if all the flexes of C are 
simple, so that in this case V3 is the variety we are looking for. For each flex of 
order > 1, we will find a four-dimensional component in the base locus of C3, and 
more blow-ups will be needed. 

Call B2 the scheme-theoretic intersection of the point-conditions in V2, so B2 
is supported on i?2. For a2 G i?2j define the thickness tha2{B2) of B2 at 0:2 as we 
did above for tha{B). Also, let a ~ (k,q) be the image of 0:2 in B. With these 
notations: 
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Lemma 2.8. If q is an flex of order r of C , then tha^{B2) = r. 

Proof. We have to show that if 7(t) is a smooth curve germ in V2, centered at 02 
and transversal to B2, then the maximum length of the intersection of B2 and 7 
at i = is precisely r. 

Suppose first that 7 is transversal to E2: then, as argued in the proof of Lemma 
2.5, the image of 7 in P^ is a smooth curve germ centered at a and transversal to 
B: by Lemma 2.6, the length of the intersection of B and this curve is at most 
r + 2; it follows that the maximum length of the intersection of B2 and such 7's 
is indeed r (attained for example by the proper transform oi a + (pt, with Lp as in 
the proof of Lemma 2.6). 

Thus we may assume that 7 is tangent to E2, and wc have to show that 

Claim. B2 n 7(t) vanishes at most r times at t ~ 0. 

This is a lengthy but straightforward coordinate computation, which we leave 
to the reader. The outcome is that the maximum length is r, and it is attained 
in the direction normal to B2 in the section s{Bi) C E2 defined in §2.2. D 

The next results are now easy consequences. 

Proposition 2.9. // all flexes of C are simple, then the map C3 : V3 ---> P^ is 
regular. 

Proof. We have to show that C3 has no base locus, i.e. that the intersection of 
all point-conditions in V3 is empty. But a point in the intersection of all point- 
conditions in V3 would determine a direction normal to B2 and tangent to all 
point-conditions in V2; the thickness of B2 would then be > 2 at some point. By 
Lemma 2.8, if all flexes of C are simple (i.e., of order 1) the thickness of B2 is 
precisely 1 everywhere on B2, so this can't happen. D 

By Proposition 2.9, we are done in the case when C has only simple flexes: V3 
is the variety V we meant to construct. We will show now that for each flex of 
C of order r > 1, the base locus of C3 has a smooth four-dimensional connected 
component. 

Let a2 (z B2, mapping to a = (fc, q) in B, and assume q is a flex of C of order 
r > 1. B2 is 3-dimensional, so the fiber 7r3'^(Q;2) oi E^ — P{Nb2V2) over a2 is a P''. 
We have two special points in this P^, namely the point determined by the proper 
transform of the line a + pt used in §2.2 to define s, and the direction normal to 
B2 in the section s{Bi). We have seen in the proof of Lemma 2.8 that the length 
of the intersection of these directions with B2 is exactly r; also, these points are 
distinct for all a2 (since one of them corresponds to a direction contained in E2 , 
while the other comes from a direction transversal to E2), so they determine a P^ 
in the fiber tt^ (0^2 )• As 02 moves in the component of B2 over q, this P"'^ traces a 
P^-bundle over that component, a smooth four-dimensional subvariety Bg of E^. 
Call B3 the union of all these (disjoint) subvarieties of E^, arising from non-simple 
fiexes of C. 

Proposition 2.10. The base locus of the map C3 : V3 --+ P^ is supported on B^. 

Proof. The argument here is somewhat analogous to the argument in the proof of 
2.7. We have to show that in each fiber 7r3"^(a2) = P^ as above, the intersection 
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of all point-conditions is supported on the specified P^ . Observe that each point- 
condition determines a hyperplane in this P"*, so that the intersection of the base 
locus of C3 with TTg" (q;2) must be a linear subspace of this P^. Secondly, for 
the same reason, no directions tangent to the fiber of E2 containing a2 can be 
tangent to all point-conditions in V2 • The fibers of E2 are three-dimensional and 
transversal to B2, thus this shows that the base locus of C3 must miss a P^ in the 
fiber tt^ (0:2 )• Thus, the intersection of the base locus of C3 with tt^ (q!2) can 
consist of at most a P"'^. 

Therefore, wc just have to show that the two points of n^ (02) used in the 
construction of B^ are contained in all point-conditions of V3; or, equivalently, the 
two directions in V2 used to define these points are tangent to all point-conditions 
in V2. But this is precisely the result of the computation in the proof of Lemma 
2.8: the length of the intersection of these curves with all point-conditions is 
r > 2. D 



§2.4 Further blow-ups. As we have seen in §2.3, each non-simple flex q of C 
gives rise to a smooth four-dimensional component of the support B3 of the base 
locus of C3; and Bg, is the union of all such components. The plan is still to 
blow-up the support of the base-locus; since the components are disjoint, we can 



concentrate on a specific one: say B^ 
r > 2. 



(9) 



r{q) 



, corresponding to a flex g of C of order 



(9) 



Let Vg be the complement of all components of B^ other than B), in V3. Let 



V, 



r(q) 



r(q) 



r(q) 



(9). 



'A 



V^ be the blow-up of V^ along -B3 ; again, the proper transforms in 

The base locus of 



V^ of the point-conditions define a map cf : V^ 



(«) 



.(?) 



T,N 



M 



might have components over -B3 , whose union we denote B^ ; in this case 



(9). 



.(9) 



.(9) 



(9) 



we will let V^ be the blow-up of V4 along B^ . Iterating this process we get a 
tower of varieties and maps: 



B, 



(9) 

i+l 






Bf"^ C V, 



j,N 



(9) ' ^ pAT 



B. 



(9) 



C V, 



(9) 



T,N 



where, inductively for i > A: V^ 



M 



V, 



(9) 



■s>N 



(9) _ yiq)^ ig ^j^g blow-up of V^l{ along B,'!\; 

(9) 



is defined by the proper transforms in V-^ of the point 



conditions (i.e., the 'point-conditions in V^ ); and (for i > 3) Bf is the support 



(9), 



j(9) 
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of the intersection ;Bj of the point-conditions in F^ (i.e., the base locus of c^ ). 
Also, for i > 3 let iJ^ be the exceptional divisor in V^ , and let i?^ be the 
proper transform of i^^ in V-"_^{ . 

Lemma 2.11. If q is a flex of order r >2, then for 3 < i < r + 1; 



(1). 
(2). 
(3). 
(4). 



I^j is non- singular 

the composition map B^ — > B^ is an isomorphism 

the thickness of B/^ is r + 2 — i at each point of B^ 

B^t n ^i'^^ = 



-"i+l 

Proof. We have (1)3, (2)3 trivially, and (3)2 by Lemma 2.8. Also, since B^ is cut 
out by linear spaces in each fiber of £^3, we have (4)3. Now we will show that: 

Claim. For A <i <r + l, (l),_i, (2),_i, (3),_2 and (4),_i imply {!)„ {2)„ 
(2,)i-i, and (4)^. 

Also, we will show that (3)^, (4)r+i imply (3)r+i: this will prove the statement. 

Proof of the Claim. In this proof we will drop the '•''' notation, to ease the expo- 
sition. Vi is then the blow-up of Vi-i along i?i-i, and these are both non-singular 
by (l)i_i, (2)i_i: so Vi must also be non-singular, giving (1)^. 

Next, compute the thickness of Bi-i. let 7(t) be any smooth curve germ 
transversal to -Bi-i and centered at any a^-i G i?i-i. If 7 is tangent to i?i_i, 
then by (4)i_i its proper transform will miss the general point-condition in Vi'. 
i.e., the length of the intersection of 7(f) with Bi-i at t = is 1. If 7 is transversal 
to Ei-i (and i?i_i), then 7 maps down to a smooth curve germ 7* centered at a 
point of Bi-2 and transversal to -Bi_2- By (3)i_2, the intersection of 7* with the 
point-conditions in Vi-2 lias length at most r — i + A: it follows that the intersec- 
tion of 7 with the point-conditions in Vi-i has length at most r — i + 3 > 2 (since 
i < r+1). Therefore the thickness of Bi-i at ai_i is r — i -I- 3, which gives (3)i_i. 

For (2)j, look at the intersection of Bi with the fiber of Ei over an arbitrary 
ai_i e -Bi-i. First we argue this can't be empty: indeed, thai^i ('^i-i) = r—i+'i > 
2, so through every a^-i in -Bi_i there are directions tangent to all point-conditions 
in Vi-i. To get (2)^, we need to show that the fiber of Bi over a^-i consists 
(scheme-theoretically) of a simple point. But this is the intersection of Bi with 
the fiber of Ei [^ ¥^) over a^-i, thus a nonempty intersection of linear subspaces 
in P'^ missing a hyperplane (by (4)i_i): precisely a point, as needed for (2)^. 

Finally, we need (4)^. Once more observe that Bi intersects each fiber of Ei in 
an intersection of linear spaces: thus there are no directions in the fibers of Ei and 
tangent to all point-conditions in Vi. This says that i?i+i must avoid the proper 
transforms in Vi+i of all fibers of Ei, and therefore Ei, giving (4)^. 

This proves the Claim. The only case not covered yet is {3)r+i'. to obtain 
this and conclude the proof of 2.11, apply the same argument as above to (3)^, 

(4).+i. D 

Lemma 2.11 describes the sequence of blow-ups over V3 that takes care of a 
specific fiex g on C of order r > 2. The case i = r-|- 1 of the statement says that the 
variety V}1\ is non-singular, and the base locus of the map cl!il_-^ : Vj1\ --•> P^ is 
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supported on a variety i?^+i isomorphic to -63, 



?(9) 



got tha^_^i{Br+i) ~ 1. Let then V^ 



(9) 

r+2 



and denote by c^'^2 the rational map V}l2 



moreover, for all a^+i G -B^+ij we 

; the blow-up of V^l^ along -B^^i, 

defined by the point-conditions 



.(<?) 



rig) 



in T^r^2- Then ^^+2 i^ clearly non-singular, and 

Corollary 2.12. cf!2 ^^ '^ regular map. 

Proof. Indeed, the point-conditions in v+2 cannot intersect anywhere along -E^4-2- 

if they did, any intersection point would correspond to a direction normal to B^V-^ 

and tangent to all point-conditions in V,._^i, and the thickness of BI''J_j^ would be 
> 2, in contradiction with Lemma 2.11. D 

By this last result, the sequence of r — 1 blow-ups over V3 just described resolves 
the indeterminacies of C3 : V3 ---> P^ over the component i?3 of B^. To resolve 
all indeterminacies of C3, we just have to apply the construction simultaneously 
to all components of ^3 : build the sequence 



B, 



i+i 



B^ 



c y.. 



1 1 



c 



v^ 



T,N 



nN 



B. 



C 



V. 



nN 



where, for i > 4, Vi — > Vi_i is the blow-up of Vi-i along Bi-i, Ci : Vi ---> P^ 
is defined by the proper transforms in Vi of the point-conditions, and Bi is the 
support of the base locus of q. By Lemma 2.11 and Corollary 2.12 all Vi's are non- 
singular, and, for each flex g of C of order r, Bi has either exactly one component 
mapping isomorphically to B3 if « < r + 1, or 110 component over B3 if i > r + 2. 
In particular, this construction will stop! If r is the maximum among the order 
of the flexes of C, let V = Vr+2, c — Cr+2, and let tt be the composition of the 
r + 2 blow-up maps; then we have shown 

Theorem II. c : V — > P^ is a regular map, and the diagram 



PGL{i) C V 



'[ 



PGL{3) c 



j,N 



T>N 



commutes. 

which was our objective. 
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53. The degree of the orbit closure 



In this section we employ the blow-up construction of §2 to compute the degree 
of the orbit closure Oc of a smooth plane curve C G P = P 2 with at most 
finitely many automorphisms (if d = 3, we should specify 'induced from PGL(3)'. 
This will be understood in the following). The degree will depend on just six 
natural numbers: the order of the group of automorphisms of C, the degree d of 
C, and four numbers encoding information about the number and order of the 
flexes of C. In fact, the blow-up construction of §2 yields most naturally the 
'predegree' of Oc'- 

Definition. The 'predegree' of Oc is the 8-fold self-intersection P^ of the class 
P of a point- condition in V . 

Lemma 3.1. The predegree of Oc equals the product of the degree of the orbit 
closure of C by the order oc of the group of automorphisms of C induced from 
PGL{3). 

Proof. The map c is defined by the linear system generated by the point-conditions 
on V, so P is the pull-back of the hyperplane class from P^. Therefore P* 
computes the pull-back of the intersection of c{V) = Oc with 8 hyperplanes of 
P^: i.e., the product of deg(Oc') by the degree of the map c. This latter equals 
Oc since, given a general c{a) e Oc (a G P*), the fiber of c{a) consists of all 
products (pa, where (p fixes C. D 

Observe that for the general C of degree > 4, the predegree of Oc equals the 
degree of the orbit closure. Our aim here is to compute the predegree of Oc, 
by using the construction of V described in §2: we will show that this number 
depends only on d and on the type of the flexes of C 

Our tool will be a formula relating intersection degrees under blow-ups: 

Proposition 3.2. Let B ^^ V be non-singular projective varieties, and let X C V 
be a codimension- 1 subvariety, smooth along B. Let V be the blow-up of V along 
B, and let X be the proper transform of X . Then 



dimy _ /"rvidimy [ {[B]+i*[X]) 



f[Xf"^^^ /"[j^jdimy _ f 
Jv Jv J E 



dimy 



V Jv Jb c{NbV) 

where /^, etc. denote the degree of a class in V, etc., cf. [Fulton], Def. 1.4. Note: 
we will omit the J sign and the class brackets [•] when this doesn't create ambi- 
guities. 

Proof. This follows from [Aluffil], §2, Theorem II and Lemma (2), (3). D 

We will compute the predegree of Oc (i.e. P*) by applying Proposition 3.2 to 
each blow-up in the sequence giving V: the missing ingredients to be obtained 
at this point are the Chern classes of the normal bundles of the centers of the 
blow-ups, and calculations in their intersection rings. 
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In the following, P,Pi,P will denote resp. (the class of) point-conditions in 
V,Vi,V. The embedding of Bj in Vj is denoted ij, and pjk will be used for the 
map Bj — > Bk {pj will be Pjj-i for short). As a general convention, we will omit 
pull-back notations unless we fear ambiguity. 

§3.1. The first blow-up. The center of the first blow-up is the variety B =- 
P^ X C; the embedding i : _B ^^ P* is given by composition with the Segre 
embedding: 

B = F X C C P^ X p2 -> P*^ . 

Call /i, k resp. the hyperplane class in P^, P^. Our convention on pull-backs allows 
us to write k,h for the pull-backs of fc, /i from the factors to P^ x P^, and to 
B C P^ X P^. Also, since the Segre embedding is linear on each factor, the 
hyperplane class of P* pulls-back to fc + ft, on B. 

Lemma 3.3. Ij C has degree d: 

(i) In B: k^ = 0, k'^h = d, kh^ == 0, /i^ == 

(n) c(NsF^) = i^ + k + hni + dh) 

(Hi) P^ = d^ ; and P pulls-hack to dk + dh. 

Proof, (i) is immediate. 

(ii) c{NbF^) = c{NbF'^ X p2)c(iVp2xp2P^) by the Whitney formula and the 
exact sequence of normal bundles. Now, since _B = P^ x C, c(A^bP^ x P^) = 
c(7VcP^) = l + dh. The formula for c{Np2y^p2F^) is standard. 

(iii) Recall from §2 that if p £ P^, P is the point-condition corresponding to 
p, and F{xq : xi : X2) is the (degree-d) polynomial defining C, then a E P <==^ 
F{a{p)) — 0: so P is defined by a degree-d equation in P^. D 

We have already observed that the point-conditions are non-singular (Lemma 
2.1 (ii)), so we are ready for the key computation needed to apply Proposition 3.2 
to the first blow-up: 

Lemma 3.4. 



{B + i*Pf 
c(^bP^) 



d(10rf-9)(14rf2 -33d + 21) 



Proof. By Lemma 3.3, this is 

/■ {l + dk + dhf{l + kf{l + hf 
ixc {l + k + K)^{l + dh) 

the statement follows by computing the coefficient of k^h (the only term with 
non-zero degree, by Lemma 3.3(i)). D 
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§3.2. The second blow-up. The center of the second blow-up is a P^-bundle 
Bi over B 



Bi 



B 



Vi 



so classes on B\ are combinations of (the pull-backs of) k,h and ci(C'bj^(— 1)); 
we call this latter e, and observe it is the pull-back from Vi of the class of the 
exceptional divisor E\ . 



Lemma 3.5. 






i = 




-1 2=1 


(i) Pi,e* = < 


-3fc + 2dh-6h i^2 




-6fc2 + 9dkh - 27kh i = 3 




2Adk^h - 72k^h i -= 4 


(ii) c{Nb,Vi 


) = {l + e)(l + k + dh-ef 



(Hi) i*Pi ~ dk + dh — e 



Proof, (iii) is immediate, as P is non-singular and pulls-back on B to dk + dh 
(Lemma 3.3 (iii)). 

For (i) and (ii) we need to produce Bi C Ei more explicitly as the projectiviza- 
tion of a rank-2 subbundle of TV^P^. 

First define for any p € P^ a rank-8 subbundle Hp of the trivial bundle B 



over B: if i^ is a polynomial defining C, and (fc, q) ^ B , A E "'''•^ 
say 

2 

{{k,q),A} e i/p ^=^ V ( ^ I A(p\ = 



Hom(C3,C3), 



^=o ^^^^A 



where A(p)i is the 2-th coordinate of A{p). So the fiber of Hp over q is the 
hyperplane of matrices A E C"^ such that A{p) G line tangent to C at q. Notice 
that the above equation has degree d — 1 in the coordinates of q: thus (denoting 
by C^ the trivial bundle B x 0*, for short) 



ci 



-ffo 



{d-l)h 



Now restrict the Euler sequence for P^ to B via B ^^ V^: Hp C C^ determines 
a subbundle Hp of 2*TP^ and we have the following diagram of bundles over B 
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(suppressing pull-back as usual) 




o 



o 



-> HpiSiOpsil) 



C^(g)OpB{l) 



Hr 



^Op8{l) 



Hj- 



TI 



n. 



-^ 



-^ 



from which it follows 



Also, observe that each Hp contains TB. 

Now let pi,P2,P3 be non-coUinear points. A matrix has image contained in 
a line if and only if it sends three non-coUinear points to that line, thus the 
intersection Hp-^ n Hp^ D Hp^ is the rank-6 bundle over B — V"^ x C whose fiber 
over (fc, q) € B consists of all matrices whose image is contained in the line tangent 
to C at q. This is the space we used to define Bi : if we set Q = Hp^ fl Hp^ n Hp^ , 
then 



(A 



B,=Pi^^jcP{NBr)=E,, and c (^ 



(l + k + dh)^ 



Finally, the Euler sequences for Ei and Bi give the diagram 




> O > -^(^ObA^) 



— > TBi\B > 

1 

> O > NBf^®OB^{l) > TEi\B > 

1 

= Nb.Ei > 

1 



yp8 

> -q®ObA^) 
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(here TBi\B, TEi\B denote the relative tangent bundles of Bi, Ei over B) from 
which 

From this discussion, it's easy to obtain (i) and (ii): 



^V 



TBJ 



i"^) Pi*J2'^^^y^' "" ^[^) ^y [Fulton], Proposition 3.1 (a) 

ciNsV^y^ by Whitney's formula 

by the above and Lemma 3.3 (ii) 



{l + k + dhf{l + kf{l + hf 



{l + k + h)^{l + dh) 
= l-Sk + 2dh-6h + 6fc2 - 9dkh + 27kh + 2Adk'^h - 72k^h . 

in)ciNB,Vi)^ciNE,Vi)ciNB,Ei) = {l + e){l + k + dh-ef . D 

Lemma 3.5 allows us to compute the term needed to apply Proposition 3.2 to 
the second blow-up: 

Lemma 3.6. 

f ] t '\^\ ^ dm - 3)(322rf^ - I257d + 1233) 
Jbi c{Nb,Vi} 

Proof. This is 

(l + dk + dh- ef 

^ (l + e)(l + k + dh-e)3 

by Lemma 3.5 (ii) and (iii). Since the degree doesn't change after push- forwards, 

this is also 

{l + dk + dh- e)^ 

^^* {1 + e){l + k + dh - e)3 ■ 

Computing the degree-4 term in the expansion of the fraction and applying Lemma 
3.5 (i) and the projection formula, this is computed as a sum of degree-3 terms in 
k, h over B. Lemma 3.3 (i) is used then to obtain the stated expression. D 

§3.3. The third blow-up. At this point we have to start taking flexes into 
account. For any q E C, let f£{q) be the order of g as a flex of C, in the sense of 
§2.2: so f£{q) = if q is not a flex of C, ,f£{q) = 1 if g is a simple flex of C, and 
so on. 

The center B2 ^^ V2 of the third blow-up is the disjoint union 



B2= \J B. 

fe(q)>0 



(9) 

2 
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where each Bj maps isomorphicaUy to the restriction B]^ of the P^-bundle Bi 
to P^ X {q} C B. Moreover, i?2 n i?i =0 (Lemma 2.4). As h restricts to on 

■'2 



each P^ X {q}, the intersection ring of B^' is generated by k,e (defined as in 



§3.2). Also, we denote by e' the pull-back of E2 to B^-, and by p^o the map 

5^9) _> ]p2 X {q) ^ P2. 

Lemma 3.7. 

(^i; e' = e 




^m; c(iV^(,)F2) = (1 + e)(l + A: - 2ef 
(iv) i^P2 = dfc - 2e 

Proof, (ii) follows from Lemma 3.5 (i), since the restriction of h to B2 is 0. 

The key observation for the other points is that B2 r\ Ei = 0. Realize 
B!f'^ C P(iVBi^i) as P(£), where £ is a sub-line bundle of Nb,Vi. Ei (1 E2 is 
the exceptional divisor of the blow-up of Ei along Bi, i.e. the projectivization of 
Nb.Ei in Nb,Vi. That P(£) and P(A^s,£;i) are disjoint says that £ n Nb.Ei is 
the zero-section of Nb^ Vi , and therefore 

C= -^^ = NE^yi as bundles on bJ''\ 

(i) With the same notations, L is tautologically the universal line bundle over 
P(£); it must then equal the restriction to B^ of the universal line bundle 
C'£;2(— 1) = NeqY^- In other words 

C = iV_E2 V2 as bundles on B2 ■ 

Since the projection from B^ to i?j is an isomorphism, it follows that 

e = Ci(7VB,Fi)=Ci(/:)=Ci(7VB,F2)-e' . 

(in) Call E^^f' the restriction of E2 == "^(Nb^Vi) to B^{^^ . We have Euler se- 
quences 

> O > C(E>0{1) > TB!f^\B^f^ > 



1 1 



> O > Nb,Vi®0{1) > te^2^^\b[^^ > 

and we just argued C = 0{—l): so 

c(iV^(,) 4"' ) = c (^^^^ ® t\ (restricted to B^"' ) 

_ [l + e ~ e'){l + k - e - e'f 
^ [l + e' - e') 

= (l + fc-2e)3 by(i); 
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next, since N (q)Bi is clearly trivial, we have c{N {q)E2) — 1; so putting iV (,)V2 
together: 

c(iV3(,)T^2) = c(7V£,y2)c(^^(„S2)c(iV3(„4^^) = (1 + e)(l + k- 2ef , 

as claimed. 

(iv) Since Pi is non-singular along Bi , P2 restricts to dk — e — eJ = dk — 2e by 

(i). D 

We are ready for the term needed to apply Proposition 3.2 to the third blow-up: 
Lemma 3.8. 

/ %tllM= y (196^2 -960d+ 1125) 

Proof. By Lemma 3.7 (iii) and (iv), this is 

^ Lu) (l + e)(l + fc-2e)3 " ^ L^^"*(l + e)(l + /c-2e)3 

(pushing forward doesn't change degrees) and one concludes with the projection 
formula and Lemma 3.7 (ii). D 

§3.4. Further blow-ups. Further blow-ups are necessary if there arc points q 
on C with fi{q) > 1. We first attack the initial step. 

The center i?3 ^ V3 of the fourth blow-up is the disjoint union 



B3= U S; 

/^(9)>1 



where each Bg ^ is a P^-bundle over i?2 • The intersection ring of Bg is generated 
by (the pull-back of) the classes A:,e of B2 , and by the class of the universal 
line bundle, i.e. the pull back / of E3 from V3. Denote by ps the projection 

5(9) -.BifK 

Lemma 3.9. 



ft) PiJ' 



( 1 = 

-1 1 = 1 

-e i = 2 

_e3 J ^ 4 



(ii) c(iV^(„T/3) = (1 + /)(1 + fc - 2e - /)3 
(m) qPs'^ dk-2e- f 

Proof, (iii) is clear, as P2 is non-singular along -B3 . 
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For the other items, we have to produce iJg C -E3 — P(A^n(«)V2) exphcitly 
as the projectivization of a rank-2 subbundle of A^„(,)V2. Recall that each fiber 

of i?3 is spanned by two points corresponding respectively to (1) a direction 
transversal to E2, and (2) a direction in E2, transversal to the fiber of £2- Since 
these two points are always distinct, Bg -^ — F(/^i (B C2), where PCi, FC2 give the 
two distinguished points on each fiber. Now, Ci n N (q)E2 is the zero-section in 

Nmi) V2 (the first direction is transversal to E2); so, with C as in the proof of 3.7, 

Ci^Ne,V2=C . 

Similarly, since the second direction is transversal to the Gber of E2 , whose normal 
bundle in E2 is trivial, £2 — O; and therefore we have 

B^^"'' = P{C ® O) . 

(i) As in the proof of 3.5 (i), 

i i 

and (i) follows by matching dimensions. 



(ii) Another pair of Euler sequences: on B. 



(«) 



o > (£©0)0 0(1) > tb^^^ib!^^ 

1 1 1 

O > iV„(„F2«)0(l) > TE^^\B^i^ 



Since ci(0(l)) = — / and E^^ is the disjoint miion of the E.^ 



(9). 



c(iV^(,)S3)-c(iV^(„4''') 



®0(1) 



= {l + k-2e^jf 

(the Chern roots of N [q) V2 are e,k — 2e,k — 2e, fc — 2e, by Lemma 3.7 (iii)). 
Finally: 

c(iV^(,)V^3) = c(7Vb3T/3)c(A^b(,)£^3) = (1 + ./)(1 + k-2e-ff 

as stated. D 
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Lemma 3.9 describes the situation at the fourth blow-up. The next blow-ups 

ij 

are built on this in the sequence described in §2.4: the center Bj ^^ Vj of the 
(j -f l)-st blow-up [j > 3) is the disjoint union 

B,^ U Bf ' 

fi{q)>J-2 

where each B^'' maps isomorphically down to -B3 , and is disjoint from Ei^i 

(Lemma 2.11). The intersection ring of each B^"^ = Bg is then generated by 
k, e, /, and the relations stated in Lemma 3.9 (i) hold, for the projection pj2 : 
5J''^ -^ B^'\ Denote by fj the pull-back of Ej to BJ'''; Lemma 3.9 can be 
extended to all stages in the sequence: 

Lemma 3.9 (continued). For 3 < j < fi(q) + 1 

{n)j c(7V^(„y,) = (1 + /)(1 + k-2e-{j- 2),ff 

{iii)j i*Pj ^ dk-2e- {j - 2)/ 

Proof. For j = 3 this is given by Lemma 3.9. So it suffices to show that, for 3 < 

j < f£{q), {i)jA'i-i)jA'i-i'i-)j imply {i)j+i, {ii)j+i, {iii)j+i- Consider then BJ% = 
V{Cj+i) C ¥{N mVj). So f^+i is the class of O m (-1), i.e. of Cj+i. Since 

S-"^]^ n E'j = (Lemma 2.11 (iv)), we get by the usual argument 
fj+i ^ ciiCj+i) = ci {Ne^ Vj ) = fj : 



and fj = / by {i)j; so fj+i = f, giving {i)j+i. 

{iii)j+i follows then from {iii)j and (z)j+i, since Pj is non-singular along Bj. 
Finally, we use the Eulcr sequences 

> O > Lj+i®0{l) > TB^^l^\Bf > 

1 1 1 

> O > Nj.^,)Vj®0{l) > TE^I'hBf^ > 



to get (since i?j+i is the disjoint union of the Ey}-^) 

c(iv^(„ £;,+!) -c(iv^(„ii;jfi) 

^ (l + /-/)(l + fc-2e-(j-2)/- /) 

(1 + ./ - /) 
= {l + k~2e-{j-l)ff , 



3 



by {ii)j 
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SO 

c(7V^<„ F,+i) = c{Ne,^,Vj+MNbM E,+,) = (1 + /)(1 + fc - 2e - (j - l)ff , 

i.e. (m)j+i. D 

We get then the key term to apply Proposition 3.2 to the j-th blow up in the 
sequence. In fact, we can cover Lemma 3.8 as well in one statement: 

Lemma 3.10. For j > 2 



JB, \ B, 'jl fi(q}>j-2 

+ 12{d - l){7d - nyf + 84(rf - l)2j - 7{2d - 3)(22rf - 39). 



Proof. For j ~ 2, this is Lemma 3.8. For j > 3, by Lemma 3.9 this is 

{l + dk-2e-{j -2)ff 



E 



JBt") (l + /)(l + A:-2e-(7 -2)/)3 

li Pj2 denotes the projection i? — > B2 , (and P20 is the map B^ — > P^ x {q} = 
P^, as in §3.3), this can be computed as 



E 



P20^Pj2, 



(1 + dfc - 2e - (j - 2)/)8 



/.(,)>,-.^^- ^(l + /)(l + ^-2e-(,~2)/)3 ' 

which is evaluated by using the projection formula, 3.9 (i) and 3.7 (ii). D 



§3.5. The predegree of Oc- Computing the predegree of Oc is now a straight- 
forward application of Proposition 3.2 and Lemmas 3.4, 3.6 and 3.10: by Propo- 
sition 3.2 



'''-"'-U 



,>Jb, c{Nb,V,) 



(where Bq — B, etc.), and the terms in the summation have been computed in 
sections 3.1-3.4. This gives 

Proposition 3.11. The predegree of Oc is 

d^ - dilOd - 9){Ud^ - 33d + 21) - d{2d - S){322d^ - 1257d + 1233) 

-E E (30/-96((i-l)/ + l2(d-l)(7(i-ll)j2 
j>2 qec 

fi(q)>j-2 

+ M{d - ifi - 7{2d - 3){22d - 39)). 
This result can be given in handier forms. For example: 
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Theorem Ill(a). The predegree of Oc is 

d(d - 2){d^ + 2d^ + 4d'^ + 8d^ - 1356^2 + 5280d - 5319) - ^ fe{q){.fi{q) - 1) 

qec 

{6f£{qf + (75 - 2Ad)f(.{qf + {2M^ - 240d + 393)/f (g) + 196^^ - 960(i + 1125) 

Proof. Invert the order of the summations in Proposition 3.11, then use the fact 
that X^ogc" f^i^) ~ 3(i((i — 2) (the number of flexes of C, counted with multiphc- 
ity). D 

Or, in another form: 

Theorem Ill(b). Denote by f^ the sum "^^^c f^'i^Y ■ Then the predegree of 
Oc is 

d^ - 8d{98d^ - 492d^ + 843d - 486) - (168^^ - 720d + li2)fP 

- {2M^ - 216d + 318)/^^^ - (69 - 24d)/^'^' - 6/^^\ 



By Theorem III(B), if C is smooth then the predegree of Oc depends only on 
the degree d of C and on the four numbers fc : fc ' fc ^^"-^ fc ■ 

If C only has simple flexes, then f£{q) = or 1 for all q ^ C, so Theorem III(A) 
gives 

Corollary. // all flexes of C are simple, then the predegree of Oc is 

d{d - 2){d^ + 2d^ + Ad'^ + 8rf^ - 1356rf2 + 5280rf - 5319) 

= d^ - m2d'^ + 7992rf3 - 15879rf2 + 10638d . 

Denoting this polynomial in d by P{d), we remark that it gives the degree of 
the orbit closure of the general smooth plane curve of degree d > 4 (indeed, such 
a curve C has no non-trivial automorphisms, so by Lemma 3.1 the degree of Oc 
equals the predegree). 

Remark. Denoting by fk{d) the (negative) contribution to the predegree aris- 
ing from a flex of order fc on a curve of degree d, we have, as an immediate 
consequence of Theorem III(A): 

/fc(d) = -fc(fc-l)((28fc+196)d2-(24fc2 + 240fc+960)d+(6fc^+75fc2+393fc+1125)). 

E.g., /2(d) = -6(84^2 - 512d + 753) and /3(d) == -6(280^^ _ 1896rf + 3141). It 
is an easy calculus exercise to show that fk{d) < whenever d > fc + 2 > 4. This 
proves that the predegree is maximal for a curve with only simple flexes. 
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§3.6. Examples. It is a consequence of Lemma 3.1 that the predegree of the 
orbit of a smooth plane curve is divisible by the order of its PGL(3)-stabilizer. 
This cuts both ways. On the one hand, each curve with non-trivial automorphisms 
provides us with a non-trivial check of the formulas above. On the other hand, 
these formulas might help in determining which automorphism groups of smooth 
plane curves occur. We illustrate this below. 

Consider, for d > 3, the Fermat curve x'^ + y'^ + z'^. Its 3d flexes have order d—2, 
so the predegree of its orbit is P(d) + 3d ■ fd^2{d)- So for each d this number is 
divisible by 6(i^, the order of the stabilizer. This implies that in the ring Z[rf] the 
polynomial P{d) + 3d • fd-2{d) is divisible by d^ and that the quotient polynomial 
takes values divisible by 6. Indeed 

P{d) + 3d ■ .fd-2{d) = d^{d - 2){d^ + 2d* - 26d^ - 7d^ + 192d - 192) . 

Dividing this by Gd^, we get the degree of the orbit closure of the Fermat curve, 
i.e., of the trisecant variety to the d-uple embedding of P^ in P^, as mentioned in 
the introduction. 

Here is a similar example for all d > 5: the curve x'^^^y + y'^^^z + z'^^^x. The 
points (1 : : 0), (0 : 1 : 0) and (0:0: 1) are flexes of order d — 3; counted with 
multiplicity, 3(d^ — 3d -I- 3) flexes remain. The group D of diagonal matrices with 
entries (1, (, C^ '')i where ^ is a (d^ — 3d + 3)-rd root of unity, acts on the latter 
flexes without fixed points; so either there is one orbit of flexes of order 3, or one 
orbit of flexes of order 2 and one orbit of simple flexes, or, finally, three orbits 
of simple flexes. Now one uses the automorphism a: (x : y : z) ^^ {y : z : x) to 
exclude the first two possibilities; moreover, one verifies that the automorphism 
group G of the curve is the semidirect product of D and < a > (and that the 
simple flexes form one G-orbit). So the degree of the orbit closure is 



Pjd) + 3.U-,{d) ^ 1 
3(d2-3d + 3) 3^ 



3d-^ + 6d'' - 21d^ - 1354d2 + 5463d - 5508) 



Next we list, for some small values of d, the numbers (and their factorizations) 
we get from the corollary to Theorem III: 



d 


P{d) 


P{d) factored 


3 


216 


rj3 _ o3 


4 


14280 


2^ -3 •5- 7- 17 


5 


188340 


2^ • 3 • 5 • 43 • 73 


6 


1119960 


23-33 •5- 17-61 


7 


4508280 


2^ - 32 - 5 - 7 - 1789 


8 


14318256 


2^^-3-317-941 


9 


38680740 


2^-3^-5-7-379 


10 


92790480 


2-* - 3 - 5 - 59 - 6553 



So for d = 3 we get 216 for the predegree of the orbit of any smooth plane cubic 
curve. This gives the well-known numbers 12, resp. 6, resp. 4 for the degree of the 
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orbit closure of a smooth plane cubic with j ^ 0, 1728, resp. j — 1728, resp. j = 0. 
Note that the group of projective automorphisms of a smooth cubic contains the 
9 translations over points of order dividing 3 as a normal subgroup. The quotient 
can be identified with the automorphisms that fix a given flex. Thus there exist 
18, resp. 36, resp. 54 projective automorphisms when j ^ 0, 1728, resp. j — 1728, 
resp. j = 0. 

For d = 4 we get 14280 for the predegree of the orbit of a smooth plane 
quartic with only simple flexes. An example of such a curve is the Klein curve 
x^y + if^z + z^x; it has 168 automorphisms, so the degree of its orbit closure is 
14280/168 = 85. 

If a smooth quartic has n hyperflexes (i.e., flexes of order 2), the predegree 
of its orbit equals 14280 — 294n. E.g., the degree of the orbit closure of the 
Fermat quartic is 112, as there are 12 hyperflexes and 96 automorphisms. As 
an other example, consider the curve x** + xy^ + yz^ . It has 1 hyperflex and 9 
automorphisms, so the degree of its orbit closure is (14280— 294)/9 = 1554. In fact, 
in [Vermeulen] there is a complete list of the automorphism groups that occur for 
a quartic with a given number of hyperflexes. The implied congruence conditions 
are equivalent to requiring that P(4) be divisible by 168 and that P(4) + 28/2(4) 
be divisible by 2016. (This follows already from the existence of the 3 quartics 
above.) 

In the other direction, these formulas give non-trivial information on the au- 
tomorphism groups of plane curves. Consider smooth plane curves of degree d 
with only simple flexes. The least common multiple of the orders of the stabi- 
lizers of these curves divides P{d). Now it is well-known that a smooth curve 
of positive genus g{= (2^)) cannot have an automorphism of prime order p > 
2g + 1{= d"^ — 3d + 3). Using the Hurwitz formula one also excludes the cases 
{d,g,p) = (4,3,5), (6,10,17) and (10,36,59). Looking at the table above, we 
conclude then that said l.c.m. divides 216, 168, 60, 1080, 2520, 48, 102060, 240 
respectively for d equal to 3, 4, 5, 6, 7, 8, 9, 10 respectively. 

These bounds seem to be pretty good: by the above, the actual l.c.m. equals 
108 (resp. 168) for d = 3 (resp. 4); it's not unreasonable to expect that the bound 
is sharp for d = 5, 8 and 10 (perhaps there even exist curves with automorphism 
groups of this order) ; the Valentiner sextic has only simple flexes and 360 auto- 
morphisms (cf. [BHH] ) , so the bound for d = 6 is sharp if and only if there exists 
a sextic with only simple flexes and with 27 dividing the order of its stabilizer. 
Finally, for d = 9 the bound is probably not optimal. 
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